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Abstract
In this paper the income vector space is employed as a uniﬁed setting to analyze income
mobility. The income mobility can be characterized by a change of the income vector during a
given period: the norm of two income vectors can be formulated as a mobility index, which is
found to be more generalized than those previous indexes; the angle between them indicates the
structural change in income vector. Accordingly, the income mobility can be decomposed into a
shift in the angle and a change in the norm.
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1. Introduction
When researchers concern some issues of welfare economics, such as inequality, poverty,
they realize that it is insuﬃcient to observe income distribution for it is a static snapshot at one
time. To complete the the whole picture, we also need to see the evolution of people’s income
over time, which is named as income mobility. So many economists have devoted their eﬀorts
to income mobility, which reﬂects the dynamic character of income inequality [1]. The last two
decades have witnessed a large number of literatures on this topic, most of which aim to propose
proper indexes to measure the income mobility.
According to G.S. Fields et al., the measurements of mobility can be divided into two cate-
gories: the absolute and the relative [1, 2, 3, 4]. In order to characterize the absolute mobility,
various indexes have been put forward [1, 5, 6]. The diversity in their appearance calls for a
more generalized formula to cover more characteristics of mobility. Van Kerm met this need, but
he proposed one index only within the continuum of time [6]. However, the data of individual
incomes are usually sampled as a format in discrete time.
At the same time, the absolute income mobility can be decomposed into diﬀerent parts.
Markandya decomposed the income mobility into exchange mobility and structure mobility by
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means of transform matrix in sociology [7]. Fields and Ok thought that the income mobility
comes from both the economic growth and the transfer of income [1]. Van Kerm further split the
income mobility into three components: growth, dispersion and exchange [8]. However, these
decomposition methods provide only the components of the mobility without indication of its
direction. Recently, the direction of mobility has been emphasized by G.S. Fields et al, but they
only suggested the signs of the direction [3, 9, 10].
Enlightened by the idea of the income vector put forward by Dardanoni et al, we propose
that the income mobility can be measured in vector space [11, 12, 13, 14, 15, 16], and the norm
can also be introduced to characterize the distance function. Therefore, we can construct a gen-
eralized formula to measure income mobility. We ﬁnd that the angle of two income vectors can
characterize the structural change of income distribution and the decomposition of the mobility
can be illustrated in a clearer way.
The rest of this paper is organized as follows: In section 2 we put forward a generalized
income mobility formula to cover other absolute income mobility indices. In section 3, we
introduce the income mobility angle to characterize the change in income structure. Based on
this approach, we propose a new decomposition method of income mobility in section 4. A brief
conclusion is drawn in section 5.
2. The income mobility in vector space
Why can income mobility be characterized in vector space? In this section, one-period in-
come distribution in an n-individual society is regarded as a income vector. We can deﬁne an
income mobility vector to characterize the change in diﬀerent income vectors and to measure
the income mobility. In addition, the norm is introduced as a distance function to construct the
mobility formula.
2.1. The income mobility and its measure
Suppose that there exist n individuals in a society, and they have diﬀerent income levels. Let
xti represent the income of the i − th person at time t, then all individual incomes can be arrayed
as a column vector, denoted by Xt = (xt1, x
t
2, . . . , x
t
n)
′. When we consider the T-period case, we
have a matrix X = (X1, . . . , Xt, . . . , XT ) which can be expressed as:
X =
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,
(1)
where the columns correspond to diﬀerent periods and the rows correspond to diﬀerent individ-
uals, and each element in the matrix X is greater than or equal to zero, i.e. xti ≥ 0,∀i, t.
In what follows, we consider only two periods, i.e. period-0 and period-1. We denote the
column at period-0 as income vector X and that at period-1 as Y respectively [11]. For any
agent, his income has changed from xi to yi. As a result, the income distribution of the society
has evolved from X to Y during the given period, which is referred to income mobility and
represented as X −→ Y . The focus of our interest is to measure the movement from X to Y . We
use D = (d1, d2, . . . , dn), where di = yi − xi, as shown in Figure 1, to represent such a movement.
Obviously, D belongs to the vector space, and we call it “income mobility vector”.
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Figure 1: The income mobility vector
Generally, an income mobility index is used to characterize the distance of income distribu-
tions between two periods. In vector space, the norm is the measure of the distance between two
vectors. Since the income mobility vector belongs to the vector space, its norm can be used to
measure the income mobility. In our case, the vector D = (d1, . . . , dn) refers to the mobility from
X to Y , and its norm is given by
‖D‖p =
( n∑
i=1
f pi
) 1
p
p ≥ 1, (2)
where fi is a norm function to characterize the distance from xi to yi, then ‖D‖p can characterize
the distance from X to Y . Therefore, ‖D‖p is an alternative income mobility index.
2.2. Comparisons
In order to highlight the advantage of the mobility index we proposed above, we need to com-
pare it with other existing ones. Here we choose some typical mobility indexes that have been
well constructed and widely accepted [1, 4]. When justifying an index, one has to take certain re-
quirements into consideration, which are termed as axioms. Among those axioms, we choose the
following six signiﬁcant ones to make comparisons: homogeneity(H), translation invariant(TI),
decomposability(D), population consistency(PC), monotonicity(M) and growth sensitivity(GS).
Besides, we add another measure, i.e. distance dimension(DD), to specify the distance function.
In what follows we simply explain what the six axioms are respectively:
Axiom H: Let Dn(·, ·) be an income mobility index and n ≥ 1, for all x, y ∈ Rn+ and λ ≥ 0,
then there exists Dn(λx, λy) = λDn(x, y).
Axiom TI: Let Dn(·, ·) be an income mobility index and In = (1, 1, · · · , 1) ∈ Rn, for all
x, y ∈ Rn and θ ∈ R such that x + θIn,y + θIn, Dn(x + θIn, y + θIn) = Dn(x, y).
Axiom D: Let Dn(·, ·) be an income mobility index and n ≥ 2, for all x, y ∈ Rn+, then
Dn(x, y) = Gn[D1(x1, y1),D1(x2, y2), · · · ,D1(xn, yn)], for some symmetric and increasing and
continuous function Gn : Rn+ −→ R+.
Axiom PC: Let Dn(·, ·) be an income mobility index, for all x, y ∈ Rn−1+ , w, z ∈ Rn−2+ and
a, b > 0, Dn−(x, y) = Dn−2(w, z) implies Dn[(x, a), (y, b)] = Dn−1[(w, a), (z, b)].
Axiom M: Let Dn(·, ·) be an income mobility index, for all x, y ∈ Rn+,x∗, y∗, ∈ Rn+, |y − x| >
|y∗ − x∗| =⇒ Dn(x, y) > Dm(x∗, y∗).
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Axiom GS: Let Dn(·, ·) be an income mobility index, n ≥ 1, for all x, y,w, z ∈ Rn+, if, for any
k, 1 ≤ k ≤ n, d1(x j, y j) = d1(wj, z j) for all j  k, and d1(xk, yk) = d1(wk, zk), then d1(xk, yk) =
d1(wk, zk).
The comparison results are listed in Table 1, and we can see that:
(i) Each index obey variance axioms, but all of them diﬀer mainly in the distance functions.
(ii) No.8 and No.9 generalize the form of the distance function.
(iii) No.8 and No.9 are in accordance with each other, and their only diﬀerence lies in whether
the distance function f is continuous or discrete.
Table 1: The comparison of absolute income mobility indices
No. Formula H TI D PC M GS DD(p) fi Papers
1
∑n
i=1 |yi − xi|
√ √ √ √ √ √
1 |yi − xi| [1, 2]
2 c
(
1
n
∑n
i=1 |logyi − logxi|
)
× × √ √ √ √ 1 |logyi − logxi| [17, 19, 20]
3 γ
(∑n
i=1 |yi − xi|p
) 1
p √ √ √ √ √ √
p |yi − xi| [5]
4
(
1
n
∑n
1(yi − xi)2
) 1
2 √ √ √ √ √ √ 2 (yi − xi) [11, 12, 13]
5
(
H
(
1
n
∑n
1(g(yi) − g(xi))2
)) 1
2 √ √ √ √ √ √
2 g(yi) − g(xi)) [14, 15, 16]
7
∑N
i=1
∫ T ′
T
|xi(t)−xi(t−Δt)|dt
N(T ′−T )
√ √ √ √ √ √
1 |xi(t) − xi(t − Δt)| [21]
8
∫ ∫
d(x, y, F)dF(x, y)
√ √ √ √ √ √
p d(x, y, F) [6, 8]
9
(∑n
i=1 fi(di)
p
) 1
p √ √ √ √ √ √
p fi(di)
Note that p ≥ 1,∀p ∈ Z and Δt −→ 0 in No.7 index.
There are a few points to further explain: both No. 1 and No. 2 are proposed by Fields at
el., but only No. 1 satisﬁes homogeneity(H) or translation invariant(TI). Moreover, No.2 for-
mula is not a pure absolute income mobility index. Such an interesting phenomenon implicates
that even the same person is in dilemma in how to characterize the income mobility due to its
diversity. Secondly, No.5 is a general index when compared to No.2. When the function g has
a determined form, |yi − xi|, No.5 index satisﬁes homogeneity(H) and translation invariance(TI).
Finally, all indexes from No.1 to No.7 are equal-weighted, that is, every individual make an equal
contribution to the total mobility. No.8 and No.9 have considered the eﬀect of diﬀerent weights.
In addition, when the No.9 index adopts the equal weight, it is accordance with No.3. Fur-
thermore, if the value of p is 1, then No.9 takes the form of No.1; if the value of p is 2, then
No.9 takes the form of No.4. If we consider the welfare factor or ordinal ranks, the No.9 can take
the form of No.2 and No.5. As for what is the optimal p, it depends on the researcher’s point of
view about the income mobility since the mobility is multi-facet. In all, the index we advocate
is similar to the formula proposed by Van Kerm [6],and it is a generalized form for many other
indices.
2.3. Per capita income mobility
We have concluded that the norm can be used to measure the income mobility in vector space.
Even so, we have to face some problems, such as, the increasing population in society leads to
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Figure 2: The mobility angle
the change of the overall social mobility and makes the measure index incomparable. That is
to say, the mobility index can not reasonably depict the shift of income due to the change of
population size.
In order to solve this problem, we use the per capita or percentage income mobility suggested
by G.S. Fields et al. andMatra et al. [1, 2, 5]. The per capita (percentage) mobility is comparable
and can be calculated by averaging the mobility. We can readily obtain the weighted factor as
follows: (i) equal-weighted average factor (per capita): wi = 1/n; (ii) weighted average factor
(percentage): wi = xi./
∑n
i=1 xi, or yi/
∑n
i=1 yi, or (xi + yi)/
∑n
i=1(xi + yi). As for how to choose the
type of weighted factors, it depends on the individual’s interest and emphases.
Now let’s incorporate the weighted factor wi into the mobility function, then we can get the
per capita or percentage mobility as follows,
‖ d ‖n= [
n∑
i=1
wi f (di)p]
1
p , where p ≥ 1 and
n∑
i=1
wi = 1. (3)
3. The mobility angle
There are two kinds of methods to measure of income mobility: the absolute and the relative.
The absolute mobility emphasizes the total movement distance of absolute values, while the rela-
tive one focuses on the movement of individual positions. Many researchers have made attempts
to see whether the income movement direction is positive or negative, which is insuﬃcient to
expose the sophisticated mobility structure [3, 9, 10].
Actually, the structural change of income can be represented by an angle, which is inspired by
the principal angle. The principal angle was put forward by Jordan in 1875 and widely applied to
characterize subspace and vector similarity in many areas [23, 24, 25, 26, 27, 28]. We introduce
a mobility angle to measure the similarity and diﬀerence between two income vectors.
We assume that W = (w,w, . . . ,w) denotes the absolute equal vector, which indicates that
the income distribution represented by this vector is absolutely fair thus socially desired. With
three vectors X, Y and W, we can get three mobility angles respectively: ∠θ, ∠α, and ∠β. ∠θ is
enclosed by X and Y , ∠α by W and X, and ∠β by W and Y . All of them are shown in Figure 2.
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In the Hilbert space, we can ﬁrst calculate these angles’ cosines, and their degrees are ob-
tained respectively,
θ = arccos
〈X,Y〉
‖X‖‖Y‖ = arccos
∑n
i=1 xiyi∑n
i=1 x
2
i
∑n
i=1 y
2
i
, (4)
α = arccos
〈X,W〉
‖X‖‖W‖ = arccos
∑n
i=1 xiw∑n
i=1 x
2
i
∑n
i=1 w
2
, (5)
β = arccos
〈Y,W〉
‖Y‖‖W‖ = arccos
∑n
i=1 yiw∑n
i=1 y
2
i
∑n
i=1 w
2
, (6)
where θ, α, β ∈ [0, π2 ].
In geometry, an angle is considered as dimensionless since it is only the ratio of lengths.
Therefore, the three mobility angles characterize the ratio of scale invariant movement instead of
the change of absolute magnitude. The change of angle reﬂects the change of geometry structure;
similarly, the change of mobility angle can reﬂect the structural change in the social income, and
we do not consider the change of absolute income. This point can be manifested by the following
discussion:
(i) ∠θ denotes the angle between X and Y . If ∠θ becomes larger, it means that the structural
income change is bigger, and vice versa.
(ii) ∠α denotes the angle between X and W, and ∠β denotes the angle between Y and W.
If ∠α > ∠β, it means that X is relatively closer to W and the mobility from X to Y is socially
desired. If ∠α < ∠β , it means that Y is further away from W, so the mobility from X to Y
is socially undesired. Otherwise, ∠α = ∠β, the income structure of X is the same with that of
Y; that is, the inequality degree is the same as before and the income mobility doesn’t eﬀect
the income inequality structure (here we only consider one period from X to Y . All in all, the
structural change of income depends on ∠θ, and whether the income mobility is socially desired
or not depends on the comparison between ∠α and ∠β.
The mobility angle measures the mobility direction from a relative angle, while the absolute
income mobility measures it from an absolute perspective. Do they have any relationship? Let’s
look at Figure 1. Given two edges of a triangle, then we can easily get its last edge if we know
the angle between the two existing ones. Therefore, we represent the relationship between the
angle ∠θ and the absolute mobility index ‖D‖ as follows,
cos θ =
‖ X ‖22 + ‖ Y ‖22 − ‖ D ‖22
2 ‖ X ‖2‖ Y ‖2 . (7)
We can see that the relationship between them is an one-to-one correspondence, if given the two
sides ‖X‖ and ‖Y‖. In this sense, the absolute incomemobility and the relative one are compatible.
4. Income mobility decomposition
The decomposition of income mobility can be performed in various ways [1, 7, 8]. In this
section, we attempt to decompose the mobility from a diﬀerent prospective but is closely related
to those previous decompositions. The income mobility can be decomposed into two parts:
rotation and growth. The rotation part refers to the mobility without considering the change of
the total social income. The growth part refers to the mobility without any change in mobility
angle.
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Figure 3: The decomposition of mobility
Assume that X = (x1, . . . , xn), Y = (y1, . . . , yn), and total income in periods 0 and 1 are
I0 =
∑n
i=1 xi and I1 =
∑n
i=1 yi respectively. Obviously, the three points X, Y and O (origin point)
is in one plane as shown in ﬁgure 3. To facilitate our analysis, we assume I1 > I0. The mobility
from X to Y ′ or from X′ to Y represents the rotation component, while the mobility from X to X′
or from Y to Y ′ is the growth component. Thus, our mobility decomposition have two paths: one
way is to decompose rotation part ﬁrst, then the growth one, i.e. X → Y ′ → Y; the other way is
in the opposite order, i.e. X → X′ → Y . The diﬀerence between the two decomposition paths
has also been captured by Markandya, Fields and Van Kerm [1, 2, 7, 14].
The decomposition perspective in this paper is diﬀerent from previous research, but their
results are consistent[1, 6, 7]. The rotation happens to be the combination of the exchange factor
and the dispersion factor, and the growth part responds to the growth factor.
5. Conclusion
As for how to further develop the measure of income mobility, Filed and Ok put forward
three points: (i)what do we mean by income mobility? (ii)what do I measure to know when I
have more or less of it? (iii)give my answer to (i), how axiomatically or otherwise, do I justify
my answer to (ii)? [1]. However, diﬀerent researchers look at income mobility from diﬀerent
angles, which lead to diﬀerent premises and deﬁnitions of distance function.
In this paper, we propose a generalized measure of income mobility based on vector space.
The norm of mobility vector can be formulated as an alternative index, and the mobility angle
provides us a new perspective to decompose the mobility. This mobility index is proved to be
universally applicable and satisﬁes some recognized axioms. More importantly, it provides a
generalized form for the distance function as well. Such an index could greatly beneﬁt the future
analysis of income mobility, due to its high generality, compatibility and universality.
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